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Radiative transfer is computationally expensive. However, it is essential to many
applications, in particular remote sensing retrievals. Principal component analysis of the
optical depth and single scattering albedo proﬁles has been proposed as a possible
method to help ease the computational burden. Here we show how the technique could
be applied to a practical problem of CO2 retrievals from high spectral resolution
measurements of reﬂected sunlight in three near infrared bands. We obtain a speed
improvement of more than 50 fold (compared to monochromatic computations), while
reproducing the radiances to better than 0.1% accuracy.
& 2009 Elsevier Ltd. All rights reserved.
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1. Introduction
Radiative transfer (RT) computations are necessary to
solve various problems such as the transmission of
ultraviolet (UV) radiation through the atmosphere and
ocean, remote sensing, solar heating and infrared (IR)
cooling processes, UV biological dose rates, greenhouse
warming, haze layers in planetary atmospheres and ocean
optics. However, full treatment of RT processes is
computationally involved. Consequently, a lot of work
has gone into speeding up RT calculations.
Several spectral sampling techniques have been proposed (see, e.g., [1] for an overview). However, the
efﬁciency of these spectral mapping techniques is very
low in typical inhomogeneous atmospheres. This motivates the need for a fast and accurate scheme to alleviate
the computational burden. This is even more important if
polarization is considered. Polarized RT calculations are
important for the interpretation of satellite-based measurements such as those from GOME [2–7], SCIAMACHY
[8] and GOSAT [9]. Neglecting polarization in a Rayleigh
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scattering atmosphere can produce errors as large as 10%
in the computed intensities [10,11]. On the other hand, a
full vector RT computation is 20–50 times slower than one
neglecting polarization.
Natraj et al. [1] introduced a possible approach
employing principal component analysis (PCA) of the
optical properties that takes advantage of the inherent
redundancy in line-by-line (LBL) computation. PCA is a
decomposition of a signal or data set in terms of
orthogonal basis functions which are determined from
the data (see, e.g., [1,12–14]). This technique reduces
multidimensional data sets to lower dimensions by
eliminating redundancy in the data.
In this paper, we improve upon the methods used by
Natraj et al. [1] to maximize the advantages of PCA. First,
we automate the process. Second, we use a dedicated
two-stream RT model. Third, we include polarization in
the computations. Fourth, we compute single scattering
efﬁciently using interpolation of the phase matrix rather
than the expansion coefﬁcients. In Section 2 we explain
how PCA is used to separate the monochromatic intervals
into bins and how the radiance is subsequently evaluated.
The test scenarios used to evaluate the technique are
described in Section 3. In Section 4, we evaluate the
performance of PCA in speeding up RT computations.
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Table 1
Aerosol, ice and water cloud optical depth (at 757.2155 nm) for the different scenarios.
Scenario

Aerosol optical depth (at 757.2155 nm)

Ice cloud optical depth (at 757.2155 nm)

Water cloud optical depth (at 757.2155 nm)

28
174
256
2558

0.0652
0.0655
0.0652
0.1472

0
0.2183
0.0009
0

0
0
0.2193
0

The scenario numbers are as in O’Brien et al. [23].

Table 2
Aerosol, ice and water cloud types for the different scenarios.
Scenario

Aerosol types

Ice cloud types

Water cloud types

28
174
256
2558

Continental, oceanic
Continental, oceanic
Continental, oceanic
Continental

None
ic_070, ic_080, ic_085, ic_090
ic_040, ic_045, ic_050, ic_090
None

None
None
wc_004, wc_005
None

For ice (water) cloud types, the nomenclature is ic(wc)_xxx, where xxx is the effective radius in microns. The scenario numbers are as in O’Brien et al.
[23].

Table 3
Single scattering albedos (at 757.2155 nm) and location of the aerosol,
ice and water cloud types used in the simulations.
Aerosol/cloud type

Continental
Oceanic
ic_040
ic_045
ic_050
ic_070
ic_080
ic_085
ic_090
wc_004
wc_005

Single scattering
Albedo (at 757.2155 nm)

Location (mbar)

0.8730
1.0000
0.9997
0.9997
0.9996
0.9995
0.9996
0.9996
0.9996
1.0000
1.0000

215–1000
810–1000
85–105
120
140
270–335
370
370–405
440–710, 840–1000
480–635, 900
810–870

2. Binning and mapping to monochromatic radiance
As in the work of Natraj et al. [1], we perform PCA over
the optical depth and single scattering albedo proﬁles. We
use the following criteria to group the spectral intervals
into bins for which the calculations are made:
c1 o ln t oc2 ;

ð1aÞ

c3 o o1 oc4 ;

ð1bÞ

where t is the cumulative gas absorption optical depth
and o1 is the single scattering albedo of the top layer. c1,
c2, c3 and c4 are parameters that depend on the spectral
region and the required accuracy. The gas absorption
optical depth is used rather than the total extinction optical depth because the former has much more
signiﬁcant spectral variation than scattering due to
aerosols, clouds and air molecules. Further, the aerosol
loading can vary substantially from scene to scene and
it is desirable not to change the binning parameters
for every scene. The single scattering albedo parameter
accounts for the vertical structure of gas absorption.

Four EOFs were found to be adequate to capture more
than 99.99% of the variance in the optical properties [1].
To reproduce the monochromatic radiance, we ﬁrst
introduce the following quantities:
Id0 ¼ lnðI0 =I20 Þ;

ð2Þ

þ
þ
Id;k
¼ lnðIkþ =I2;k
Þ;

ð3Þ



Id;k
¼ lnðIk =I2;k
Þ;

ð4Þ

Qd0 ¼ Q 0  Q10 ;

ð5Þ

þ
þ
Qd;k
¼ Qkþ  Q1;k
;

ð6Þ



¼ Qk  Q!;k
:
Qd;k

ð7Þ

I and Q are Stokes parameters [15]. Subscripts k, 1 and 2
refer to the kth EOF, singly scattered radiance and twostream computation, respectively; superscripts 0, + and 
indicate radiance computations performed using the
mean optical properties, and optical properties positively
and negatively perturbed by one EOF, respectively.
The use of logarithm for the intensity calculation offers
two advantages: negative intensities are automatically
avoided, and the fact that extinction is exponential in the
absence of scattering is taken into account.
Applying PCA to the ratio of n-stream and two-stream
intensities—where stream refers to the number of quadrature angles for the RT computation—instead of the nstream values alone reduces the number of terms needed
in the PCA expansion for a ﬁxed accuracy. This is because
the radiation intensity is a complicated nonlinear function
of the optical depth and single scattering albedo. PCA is
a linear expansion method and is not very effective for
nonlinear systems. The two-stream model computes the
absorption perfectly in the absence of scattering. Considering scattering as a perturbation to gaseous absorption, the ratio of n-stream and two-stream intensities is
almost linearly dependent on the optical parameters.
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Fig. 1. Radiance error (for scenario 256) in Stokes parameter I in (top) O2 A band; (middle) 1.61 mm CO2 band; (bottom) 2.06 mm CO2 band. The error is
deﬁned as (PCA–LBL)/LBL  100.

Polarization, on the other hand, is a direct result of
scattering (pure absorption is unpolarized). Typically,
single scattering contributes signiﬁcantly to the total
polarization since multiple scattering is depolarizing.
Hence, applying PCA to the multiply scattered polarized
radiance gives excellent results.
The ﬁrst and second order central differences can then
be computed as follows:

dIk ¼

þ

Id;k
 Id;k

2

;

ð8Þ

þ

d2 Ik ¼ Id;k
 2Id0 þ Id;k
;

dQk ¼

þ

Qd;k
 Qd;k

2

;

þ

d2 Qk ¼ Qd;k
 2Qd0 þ Qd;k
:

Finally, the radiances can be obtained:
"
#
X
1X 2 2
0
dIk Pkl þ
d Ik Pkl ;
Il ¼ I2 exp Id þ
2 k
k

ð9Þ

ð10Þ

ð11Þ

ð12Þ

Ql ¼ Q1 þ Qd0 þ

X

dQk Pkl þ

k

1X 2
d Qk Pkl2 ;
2 k

ð13Þ

where l is the wavenumber index.
3. Case study: reﬂected sunlight in the near infrared
(NIR)
We employed PCA to simulate polarized backscatter
measurements I=(I, Q, U, V) in NIR spectral regions relevant
to space-based CO2 retrieval [16], viz., the 0.76 mm O2 A
band, and two vibration-rotation bands of CO2 centered
at 1.61 and 2.06 mm [17]. The intensity is computed using
the multiple scattering scalar RT model LIDORT [18,19].
The dedicated two-stream model is based on a simpliﬁcation of the discrete ordinates formalism for the special case
of one upwelling and one downwelling quadrature direction
(Spurr, private communication). The 2OS model [20,21] is
used to account for polarization.
Four different scenarios were chosen from a database
of ECMWF proﬁles [22], with different amount and
vertical distribution of aerosols, ice and water clouds.
Table 1 summarizes the cloud and aerosol optical
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Fig. 2. Same as Fig. 1 but for Stokes parameter Q.

depths (at 757.2155 nm). Table 2 lists the aerosol
and cloud types for each scenario. The single scattering
albedos (at 757.2155 nm) and locations of the scatterers
are presented in Table 3. The vertical distributions
of cloud water and ice are drawn from O’Brien et al.
[23], who used the ECMWF database prepared by
Chevallier [22].
Single scattering is computed exactly and efﬁciently
using interpolated values of the phase matrix at each
wavelength as opposed to interpolating the expansion
coefﬁcients (which can have more than 1000 moments for
large particles).
For the LBL computations, we use 16 streams—8 in
each hemisphere. At least 16 streams are necessary to
adequately capture the forward scattering by typical
clouds and aerosols. The atmosphere is divided into 60
layers. The surface is considered to be Lambertian, with
surface reﬂectance 0.1, 0.126 and 0.122 in the O2 A band,
the 1.61 mm CO2 band and the 2.06 mm CO2 band,
respectively. The solar zenith angle, viewing zenith angle
and relative azimuth angle are 50.31, 501 and 01
respectively.

4. Results
We plot radiance errors for scenario 256 in Figs. 1–3.
The errors are percentage differences between PCA and
LBL computations. Figs. 1–3 show the errors for Stokes
parameters I, Q and I–Q, respectively. The last quantity
represents s-polarized radiation when the measurement
is made in the principal plane, i.e., the plane containing
the solar and viewing directions and the normal to
the surface footprint. This is often more relevant to
measurements than the individual Stokes parameters
themselves. Note that this scenario is the worst case as
it has 8 different aerosol/cloud types, all with different
wavelength-dependence of scattering, and the total
scattering optical depth is nearly 0.3. This is conﬁrmed
in Table 4, where the results for all scenarios are
summarized.
Clearly, the errors (in I–Q) are only of the order of 0.1%
(or less) even for this pathological case. There are three
interesting features illustrated by these plots. First, there
is a clear slope in the results. This is a direct consequence
of the averaging of aerosol/cloud scattering properties for
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Fig. 3. Same as Fig. 1 but for I–Q.

Table 4
Root mean square (RMS) errors in the three spectral regions.
Scenario

% RMS error (O2 A band)

% RMS error (1.61 mm CO2 band)

% RMS error (2.06 mm CO2 band)

28
174
256
2558

0.003,
0.009,
0.022,
0.007,

0.001,
0.017,
0.066,
0.004,

0.005,
0.022,
0.158,
0.003,

0.015,
0.176,
0.056,
0.030,

0.003
0.011
0.023
0.011

0.021,
0.043,
0.235,
0.094,

0.001
0.019
0.068
0.005

0.071,
0.183,
0.446,
0.052,

0.005
0.019
0.160
0.002

The three numbers in each cell correspond to the errors in Stokes parameters I, Q and I–Q, respectively.

Table 5
Timing details.
Scenario

RT time (s) (LBL)

RT time (s) (PCA)

Total time (s) (LBL)

Total time (s) (PCA)

28
174
256
2558

4858.12
5067.82
5160.10
4875.67

61.15
63.96
68.99
61.99

4875.28
5096.67
5193.31
4891.94

83.45
96.08
105.34
83.57

each bin. The slope goes away when a constant phase
matrix is used. However, this effect can be ignored
because the results are already of high accuracy. Second,

the errors are higher for Stokes parameter Q. This is
because for Stokes parameter I, we use the correlation
between two-stream and n-stream intensities but do not
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use a similar procedure for Q. The results for Q could be
improved using a dedicated four-stream model and
using the ratio of n-stream to four-stream values in the
analysis. This would of course be at the expense of
higher computational time. However, it is the degree of
polarization that is usually signiﬁcant and not the
exact value of Q. In the continuum, this is usually low.
In the line cores it can be high. However, this is a region
which can be described by single scattering (which is
computed exactly). Hence we expect the technique to
work well as is. Third, the largest errors are in the 2.06 mm
CO2 band. This is a region with two signiﬁcant absorbers
(H2O and CO2). If we require greater accuracy, we would
need to use additional bins for lines with large H2O
absorption, which would result in slightly higher computational time.
The monochromatic radiances have been convolved
with a Gaussian with full width at half maximum (FWHM)
0.042481, 0.075825 and 0.097524 nm for the 0.76 mm O2 A
band, 1.61 mm CO2 band and 2.06 mm CO2 band, respectively, to simulate the ﬁnite spectral resolution of the
satellite instrument.
Timing details are presented in Table 5. The RT
computations are 70–80 times faster using PCA. If the
total run time (that includes overheads due to input/
output operations, phase matrix interpolation, binning,
radiance mapping, etc.) is considered, the speed increase
is about 50 fold. It is worth noting that the LBL
computation time increases as the cube of the number
of streams, while that for the PCA calculation is nearly
independent of this quantity. Hence, the speed increase
mentioned above is a lower bound. The computations
were performed on a single node of a commodity
Dell PowerEdge 1950 rack server with eight 2 GHz
CPU cores, 8 GB of RAM and 12.5 TB of direct attached
storage.
5. Conclusions
Line-by-line RT computations have a great deal of
redundancy. This can be exploited by performing PCA on
the optical properties and performing computationally
expensive RT calculations on a small number of bins. We
use this technique, along with a dedicated two-stream
model and a highly efﬁcient single scattering model to
achieve speed increases of more than 50 fold relative to
LBL computations while maintaining accuracies better
than 0.1%. Since the choice of bins has to be done only
once per spectral region, and does not depend on the
details of the scenario, this technique can be implemented
in operational retrieval algorithms.
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